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Abstract. Accurate measurement of the spatial coherence function is critical
for applications ranging from imaging to communication. However, accurate
measurement of arbitrary complex spatial coherence function still remains a
significant challenge. 1In this work, /we present, agphase-shifting wavefront-
inversion and shearing interferometric techmique which enables direct, noise-
insensitive measurement of the complex cross-spectral density function for a
very broad class of fields, which, includes allSpatially stationary fields and
the physically most relevant ' classhof spatially non-stationary fields. By
integrating the phase-shifting technique with wavefront inversion interferometry,
we implement an intensity difference protoeol'that eliminates all phase-insensitive
noise, significantly enhancing measurement fidelity. Experimental results validate
the method’s robustness and aceuracy, demonstrating its applicability to both
stationary and non-stationary, fields, and extending its utility to single-photon-
level measurements. This technique represents a promising tool for all coherence-
driven applications.
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1. Introduction

Characterizing the spatial coherence of optical fields
is a fundamental pursuit in optics, with implications
ranging from imaging to communication. The spatial
coherence, quantified by the cross-spectral density
function, is a key descriptor of correlations between
two spatial locations in an optical field. In the quantum
picture, it corresponds to the density matrix elements
in the position basis. Spatially partially coherent fields
find various applications such as optical coherence
tomography (OCT) [1], imaging through turbulence
|2, 3], coherence holography [4], photon correlation
holography [5], optical communication [6], and particle
trapping [7].

While many spatially partially coherent light
sources utilized in practical applications are spatially
stationary, the spatially non-stationary sources are
often encountered in real-world situations and are
equally important for applications. For instance, the
simplest optical system, a thin lens, introduces a
quadratic phase in an optical field passing through it
and is thus spatially non-stationary. The coherence
function for free space propagation of a spatially
incoherent source is of quadratic nature (see Section
5.7 of [8]). In non-line-of-sight imaging, the coherence
function exhibits a quadratic nature, holding crucial
information about the object’s distance from the
detector [|9]. Recent research has seen @ surgevof
interest in non-uniform coherence function, specifically
those dependent on the difference. of square “of
spatial coordinates, due to their unique,propagation
characteristics. ~ These beams find applications in
coherence-based optical encryption [10], simultaneous
optical trapping of two types of Rayleigh.particles with
different refractive indices [11], afid theé*géneration of
self-focusing [12] and multi-focusing beams"|13].

Young’s double-slit interferometer [14] is the clas-
sic technique for measuring the spatial'éoherence func-
tion. Despite advancements inits\implementation, this
method and its variants([15}16} suffer from drawbacks
such as low light efficiency, long measurement times,
and stability requirements. To /address these limita-
tions, alternative methods have been introduced, in-
cluding shearing linterferometersi17], Sagnac interfer-
ometers [18], phase-Space tomography [19], and tech-
niques based on shadews [20], gratings [21], masks
[22], obstacles [23], ‘and fiber optics [24]. However,
these methods,often work well only for the coherence

2

function of a specific form or reliably measure only
its amplitude. Other explored methods{include, the
free-space propagation methods [25]26] and general-
ized Hanbury Brown-Twiss method ([27]. The free-
space propagation methods requiré prior knowledge
of the coherence properties, ‘and_their iterative phase
retrieval can fail to converge correctly. Thergeneral-
ized Hanbury Brown-Twiss method can measure the
complex coherence function but needs a pair of co-
herent reference fields. Despite these advancements,
the wavefront-inversion /interferometer remains one of
the most important tools for coherence characteriza-
tion. Its conventional impl\ementation [28,129], how-
ever, has significant limitations. Primarily, it can only
measure the amplitude of the coherence function, miss-
ing crucial phase information. Additionally, due to the
finite edge width of the, prism used, the scheme [28]
misses out on Seme information. Recent advancements
have sought'to address these issues. Accurate coher-
ence function measurement was demonstrated in [30]
but was limited to real and spatially stationary coher-
encé functions. [31] extended this to arbitrary coher-
ence functionsy but the Fourier transform method used
is 'highly sensitive to noise, which can distort phase
and ‘amplitude extraction and the edge effects due to
non-periodic fringe patterns lead to spectral leakage.
Asidiscussed in [32], while windowing techniques like
the Hanning window can mitigate these edge artifacts,
they degrade resolution and reduce the effective anal-
ysis area. The method also cannot be easily extended
to broadband fields, as the interfering wavefronts are
tilted with respect to one another, requiring path-
length compensation for each measurement point. Ad-
ditionally, the placement of mirrors outside the inter-
ferometer’s plane for wavefront rotation, reduces the
mechanical stability of the interferometer in [31] and
makes it less compact. [33] addressed compactness by
using two lenses for wavefront inversion but retained
the limitations of the Fourier method in [31].

In summary, while accurate techniques exist for
measuring real-valued spatially stationary coherence
functions, no current method can accurately measure
the complex spatial coherence function of both
stationary and non-stationary fields in a reference-
free and noise-insensitive manner. In contrast, in
this article, we report experimental demonstration
of an accurate, noise-insensitive and reference-free
technique for directly measuring the complex cross-
spectral density functions of a broad class of cross-

Page 2 of 13
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Figure 1. (a), (b) and (c) are the three light sources used.
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(d) Schematic diagram of the experimental setup. There is one dove

prism in each arm, at 90° to one another, and one arm contains a geometric phase module which consists of two quarter waveplates
at 45° and a half waveplate in between. The length of each interferometric armsis about 41 em, and the CCD camera is kept at
about 7 cm from the beam splitter (BS2). An interference filter (IF) centered at 632nm having a wavelength bandwidth of 10 nm
is used before the CCD camera. (e) The two interfering wavefronts at the CCDreameraplane. The wavefront coming through one
interferometric arm is inverted in the y direction and the wavefront coming through the other arm is inverted in the z direction with
respect to the input wavefront. BS stands for beam splitter, M for mirror, IF for interference filter, QWP for quarter waveplate,
HWP for half waveplate and DP for dove prism, xg is the shear in x-direction.

spectral density functions, which depend either on
the difference of spatial coordinates, or squareghof
spatial coordinates, or both. This class of fields
include all spatially stationary fields and the physically
most relevant class of spatially non-stationary fields.
Furthermore, if the optical field is <4emporally
stationary, our technique also works with broadband
fields.

2. Theory

Fig. I(d ) shows the schematic diagram of our proposed
experimental technique, which dfivolves ba-anodified
Mach-Zehnder type interferometer. The créss-spectral
density function of the field at two space points p;
and py, is defined as W (pipz) = (BiglP1) Fin(02)),
where (---) denotes ensembleraverage over various
realizations of the field,and By, (p1); and E;,(p2) are
the electric fields at the two spatial locations. One
of the dove prisms inverts the incoming wavefront
about the x-axis and the other one about the y-axis.
Dove prisms ensure méchanical stability and keeps the
interferometer compact but it can introduce corner
obstructionsdand front'surface reflections. To mitigate
these drawbacks, an\image rotator, constructed as
described in [34], can be used in its place. As we work
with linearly polarized light, the chosen configurations
of the dove prisms does not alter the polarization state
[34]. Arm-1 of the interferometer contains a geometric
phase unit .comprising two quarter-wave plates oriented
at4b° with respect to the polarization of light and
a half-wave plate (HWP) in between. Rotating
the HWP by an angle 6 introduces a geometric

phase of 20 T35] Translating the source in the z-
direction by xg, we introduce a shear of 2xy between
the two interfering wavefronts. Fig. e) illustrates
the resulting wavefronts at the output port of the
interferometer, which can be expressed as

Eout(p) = Eout(z,y) = k1 EBin(—2 + mg, y)e' @t +51)
+ szin(x + Zo, _y)ei(wot2+,82) (1)

where the time taken by the field to travel through
the two arms is t; and t¢9; wq is the central frequency
of the field; By and Py are phases other than the
dynamical phase acquired by the field; and k; and
ko are the constants. We assume that ¢t — ¢1 is less
than the coherence time of the field. The intensity
Towt(z,y) = (EX 1 (2,9)Eout(z,y)) at the output of the
interferometer is given by

k1| (=2 + o, y) + |k2|* L2 (2 + w0, —y)
+ 2k1koRe[W (—z + 2o, y;  + o,
— 2k1koIm[W (—x + zo0, y; x + zo, —y)] sin d

(o), 2)

where 6 = wo(ta — t1) + (B2 — f1). We express
(Ef, (=2 + z0,y) Ein(—2 + 20,y)) = Li(—z + 20,Y),

Tout (xv y) =
—y)] cosd

<‘E‘z*n(aj + o, —y)Em(!L‘—F!IJo, _y)> = IQ(x + Zo, _y) and
W(—z + o, y; 2 + 20, —y) = (Ej, (=2 + 0, y) Ein(z +
2o, —Yy)). Re[---] and Im[ --] denote the real and
imaginary parts. The contribution IJ(z,y) is the
background noise. If 1%, (z,y) and I° (x,y) are the

output intensities measured at § = . and 5 = 04, the
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difference intensity is

ALG (,y) = Li(a,y) = L4 ()
= IgL (.13, y) - Igd('ra y)
+ 2k1 ko {Re[W (—x + 0, y; © + To, —Yy)](cos I, — cos §4)

—Im[W(—z + x0,y; & + 2o, —y)](sin . — sindy) }.
3)

Since the background noise does not depend on §, we
get Igc (z,y) — Igd (z,y) = 0. Therefore, setting d. = 0
and 64 = 7w, we get

Re[W (— + w0, ;@ + o, —y)] = AL () 4k kz
(4)
and setting 0. = 37/2 and §q = 7/2, we get

Im[W (—z-+x0, y; 2420, —y)] = AL > (2, ) J4k1 ko
(5)

Thus, by measuring the difference intensities AT (0,m)

and Al(gif/lﬂ/m(x,y), we obtain the real and imag-
inary parts to within the same scaling factor 4kiks.
This way, we obtain the complex cross-spectral den-
sity function W(—z + xg,y;2 + o, —y) in a four-
shot manner, which not only obviates the necessity for
the precise knowledge of ki, ks, I; and Iy but also
becomes completely insensitive to background noise
Fig[3l Knowing the real and imaginary parts, one can
find the amplitude and phase as:

(AL")? + (ALt T2
Ak ko

|W (240, y; 2 +20, —y)|* =
(6)

. AI(3:/2»7T/2)
arg[W (—z+wo, y; z+z0, —y)| = tan A0

out

The amplitude of the cross-spectral density function
determines the visibility of interference fringes and,
when the two spatial locations are the same, reduces
to the spectral density <(i%., thenlocal intensity).
The phase represents the relative phase difference
between the fields at two points, 'governing whether
the interference is constructive ordestructive, and also
encodes information ‘about the wavefront shape and
propagation charagteristics:

Our aim is o measure a elass of spatially non-
stationary field for which the complex cross-spectral
density fungtion factorizes as W(x1,xo;y1,y2) =
Wa(x1, x2)Wy(y1, y2)s with the cross-spectral density
in z- and y-directions being of the form W(x1,x3) =
W1 (22,4 @) Wa(w3= 2%). This is the most commonly-
encountered class of fields [9-13]. It becomes spatially
stationary in sifuations in which Wy (23 — 23) = 1. In
what followsyfor conceptual clarity, we only consider
the z-coordinate, noting that the same principles can
be extended to the y-coordinate. Setting xo = x + g
and 1 = —x + xp with the shear o = 0 and thus

out (l’, y)

taking W5 (0) = 1, we obtain

Page 4 of 13

W(—z,x) = Wi(22)W(0) = W1 (27) =4 (Qx)e“i’l(?z)

By employing the above four-shot' technique, one
can measure W(—z,x) = Wi(2x) and thereby the
amplitude A;(2x) and phase, ¢1(2¢). The,phase
¢1(2x), which is indeterminate up to 27 is unwrapped
following the algorithm described. in [32] and we obtain
the phase ¢}, which ranges from»—oco to oco. The
function Wi (ze — x1) [is reconstructed by mapping
W1 (2z) to Wi(ze — ) with @ = (z2 — x1)/2. Next,
setting xo = x + xofand xp- ==&+ xo, with zq # 0, we
obtain

W(—x + x0, z +@p) =Wh (22)Wa (4dxx))
:A1(2x)A2(4x$0)ei[¢1(2m)+¢2(4m°)] (9)

Again, by employing the above four-shot technique,
one can measure W (—x + xo, x + x¢) and thereby the
amplitude As(4xxo) as

A2(4mx0) :Q'W(—IIJ + o, x + 900)\/|W(—95795)| (10)

We note that to deal with the small values of
|W (=&32)| in the denominator, we set an appropriate
threshold or floor value below which all the values are
set to, the floor value. We define ¢* as the unwrapped
version of ¢1(2x) + ¢2(4xxo). The unwrapped phase
@y = o" — ¢V then yields ¢a(4zxg). The function
Wa(z% — 2%) is reconstructed by mapping Wa(4zzo)
to Wa(23 — 23) with z = (23 — 23)/4zo. This way
the function W (zy,z3) is reconstructed with 8-shot
intensity measurement. We note that the shear size
zo should be smaller than one-third of the difference
between the diameter of the beam and the spatial
coherence length, such that the overlap length of the
sheared beams at the output exceeds the coherence
length of the optical field, and it should be large enough
for the imaging system to be able to spatially resolve
it. We further note that, although for measuring a
spatially non-stationary W (z1,x9) one requires 8-shot
intensity measurements, a spatially stationary function
can be measured using only four intensity shots.

To test our measurement scheme, we have
prepared sources that generate both non-stationary
and stationary fields, as illustrated in Fig. a—c).
Source I Fig. [[fa) consist of an LED, which serves
as a spatially incoherent source. The cross-spectral
density of this source is given by the Van Cittert-
Zernike theorem [8], expressed as:

ret? 0 ;o
W(I1,y1;$27y2)=W I(z',y")

2
exp l:L)\Z(AJJ.T/ + Ayy')} da'dy’  (11)

(8)
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Figure 2. Source I: (a) and (b) The experimentally measured Re[W (—z + zo, y; ¢ + zo, -y)| anddm¥ (—z + zo, y;  + 20, —y)] (¢)
and (d) The theoretical Re[W (—z+xo, y; z+x0, —y)] and Im[W (—z+z0, y; t+z0, —y)] with.noshear, i.e., zo = 0 and yo = 0. (e)-(h)
is the same with shear zop = 2.5mm and yo = Omm. (i) and (j) The experimentally réeconstructed |W(z1,z2)| and arg[W (z1, z2)].
(k) and (1) The theoretical |W(z1,z2)| and arg[W (z1,z2)]. (m) and (n) The 1d-cut of [W (z1@g)| and arg[W(z1,z2)] along the
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measurement of the cross-spectralddensity function. (a) The theoretical Re[W(x,y)]. (b-c) JO.(z,y)
interferograms with the individual intensities from the two arms subtracted,

1(077")

difference intensity Al

where the phase factor w.is given by

m
v =l ya) et + )] (12)
where I(2’, /) is the intensity distribution at the source
and z is the distance between the source and the
observation ‘plane. This non-stationary field is of the
form Wi(z1, yi;®839) = Wi(ze — 21,92 — y1)Wa(23 —
22,y5 — y?) (for details, see Appendix A, section 1).
Source II, IIT and IV are depicted in Figs. [I|b), [I[c)
and [6|(a) respéctively consist of LEDs positioned at the
back.focal plane of a converging lens. The composite
system of a planar spatially incoherent source with a
converging lens forms the spatially partially coherent

Experiment,
5 Qa2y)

out

A1 (2a,-2y)

04

20 10 10 20 30 30 20 10 10 20 30
 (in mm) « (in mm)

Id-cut-J* 1d-cut AI®9

—Theory
—Exp.

F,27)
A]((ur)um(z‘x)

A5 s 05 15 25
z (in mm)

Illustrates how subtracting the intensities effectively removes phase-insensitive background noise, enabling accurate

and J7 . (z,y) The individual

L (z,y) = Iy (2, y) — Ii(z,y) — I2(z,y), (d) The

(z,y). (esh)ryThe normalized 1d-cuts of the respective 2d functions along the dotted red line.

source [36]. The cross-spectral density function of this
system at any propagation distance z after the lens is
given by:

oo

W(xlayl;any2vz) = /

(13)
where I(2,y') is the intensity distribution at the LED
plane and f is the focal length of the lens. This
cross-spectral density is the Fourier transform of the
LED intensity distribution, and the field is spatially
stationary, W(z1,y1; 72, y2) = Wi(za —x1,y2 —y1) (for
details, see Appendix A, Section 2). Since the LED
intensity distributions vary for sources II, III, and IV,

I, (Z‘/, y/)efii—?(Aza:'JrAyy')dx/dy/,
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Figure 4. Source II: (a) and (b) The measured Re[W (2z, —2y)] and Im[W (2z, —2y)]. (c¢) and (d) The theoretical Re[W (2z, —2y)]
and Im[W (2z, —2y)]. (e) and (f) The experimentally reconstructed |W(z1,x2)| and“arg{W (z1,z2)]. (g) and (h) The theoretical
|W (z1,z2)| and arg[W (z1,x2)]. (i) and (j) The 1d-cut of |W (z1,z2)| and arg[W (z1,z2)] along the dotted red line.

the corresponding cross-spectral density functions have
different structures, which are shown in Figs. [4] [f] and

@ The LEDs in Figs. b) and c) are high-intensity,
§

while the LED in Fig. [6{a) has very low intensity.

3. Experiment

In our experiments, we use a planar light-emitting
diode (LED) unit consisting of 9 separate LEDs
arranged in a 3 X 3 square grid. EachLED has
dimension 0.8 mm x 0.8 mm, with a separation of 1.9
mm (see Fig. [[). An interference filter (IF) cemtred
at 633 nm having a wavelength bandwidth of 10 nm
before the CCD camera ensures the field is quasi-
monochromatic. The phase § is changed wusing the
geometric phase unit in arm-1 so that ¢ — #; ‘and,
thereby, the degree of temporal cohqence remains
unaffected. To find § = 0, we send a known field
through the interferometer and adjust the geometric
phase such that the outputsintensity at/the camera
is maximum. Once the d» = 0 econfiguration is
known, we switch on the field of\interest and obtain
different § values by rotating the HWP. Source I is
just a single LED unit as shown in Fig. [I| (a). As
LED is a spatially ineoherent source, its cross-spectral
density is calculated using the van Cittert-Zernike
theorem and is of the form W (21,41 ; 22, y2) = Wi (x2—
z1,y2 — y1)Wala3 = 22,y3 — y?) [8]. Two four-shot
measurements are taken; one with x¢o = 0;yy = 0 and
another with shear zp = 2.5 mm; yg = 0 mm. Shear is
introducedyusing the translations stage-1 solely along
the z/faxis. However, simultaneous shear along both
the z\and y-directions can be achieved using an xy-
translation. stage and thus the cross-spectral density
as a function of both x and y can be measured. To
caleulate.As(4zzo) as defined in Eq[I0] we used a
threshold value equal to 0.07 times the maximum value,

as the signal=to-noiseratio was observed to be poor in
this region and the signal fluctuated significantly near
these“low values. “Source II shown in Figs. b) and
soutce T shown in Figs. [[{c) consist of one off-axis
LED and a gsoup of four off-axis LEDs, respectively,
kept/at the back focal plane of a plano-convex lens
of focal length 45 cm. Both sources are spatially
stationary and have the cross spectral density function
of the form W (xq,22) = W(xs — 21) and is calculated
by taking the Fourier transform of the spectral density
of the LED .

The experimental results and analysis correspond-
ing to source I, source IT and source III have been pre-
sented in Fig. 2] Fig. [l and [B] respectively. Figl3]il-
lustrates the two individual intensities and the differ-
ence intensity for the Re[W(2z, —2y)] in Fig. Pfa). It
illustrates that our difference intensity protocol signifi-
cantly enhances the measurement accuracy, increasing
it from 80% to 95% (See Appendix D for further details
on the effective suppression of background noise). In
Figs. the theory has been obtained by taking the
actual image of the three LED sources and then calcu-
lating the far-field cross-spectral density function using
the formulation given in Refs. for source I and
in Ref. [8] for Source II and III (see Appendix A). In
Figs. both theory and experimental plots for the
real and imaginary parts as well as for the amplitude
of the cross spectral density function have been scaled
such that the maximum value of the plot is equal 1.
For plotting the phase, no scaling is done. The fidelity
of our experimental results, calculated using the coeffi-
cient of determination R? (see Ref. , chapter 6) and
indicated in Figs. are greater than 96%, showing
excellent match between theory and experiment. The
interferometer was operated on a standard vibration-
isolated optical table, and the entire setup was enclosed
in a protective box to minimize external disturbances

Page 6 of 13
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Figure 5. Source III: (a) and (b) The measured Re[W (2z, —2y)] and Im[W (2z, —2y)]. (¢)and (d) The theoretical Re[W (2z, —2y)]
and Im[W (2z, —2y)]. (e) and (f) The experimentally reconstructed |W (z1,z2)| and‘arg(W (z1,z2)]. (g) and (h) The theoretical
|W (x1,z2)| and arg[W (x1,z2)]. (i) and (j) The 1d-cut of |W (z1,x2)| and arg[W (z1,x2)] along the dotted red line.
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Figure 6. (&) The single-photon level source used. (b) Interferogram after accumulating 100 frames, (c) Interferogram after
accumulating 850 frames, (d) Interferogram after accumulating 1000 frames, (e) Interferogram after accumulating 5000 frames. The
gain of the EMCED camera was set at 100 for all the measurements. (f) and (g) The measured Re[W (2z, —2y)] and Im[W (2z, —2y)]
at gain &= 100 and frames accumulated = 10000. (h) and (i) The theoretical Re[W (2z, —2y)] and Im[W (2z, —2y)]. (j) and (k) The
experimentally reconstructed |W(z1,z2)| and arg[W (z1,z2)]. (1) and (m) The theoretical |W(z1,z2)| and arg[W (z1,z2)]. (n) and
(o) The 1d-cut of |W(z1,z2)| and arg[W(z1,x2)] along the dotted red line.

suchras,air currents or acoustic noise. We note that the reconstruction of the coherence function. Nonetheless,
accurate experimental realization of § through our ge- we find that an error of # in the geometric phase has
ometric phase setup is very important for the accurate  no effect on the reconstructed amplitude of the cross-



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JOPT-111743.R2

spectral density function while the reconstructed phase
acquires an additional global phase of 6 (see the Ap-
pendix B).

In our experiment, we used a quasi-monochromatic
field; however, the current method also works for
broadband fields (see Appendix C). This extension
could broaden the method’s applicability to areas such
as colour holography, where accurate spatial coherence
measurements can help mitigate errors [38].

4. Single-Photon Level Measurement

Source IV, shown in Fig. @(a), is a spatially stationary
source consisting of one off-axis LED placed at the
back focal plane of a 20 cm focal length plano-convex
lens. The LED has a size of 0.12 mm x 0.12 mm.
An EMCCD camera was used for the measurements
instead of a CCD that was employed for the first three
sources. The photon flux at the EMCCD camera
was calculated to be approximately 0.7 photons per
frame per pixel. Fig. [6] (b), (c), (d) and (e) show the
results at gain 100 after accumulating 100, 350, 1000
and 5000 frames, respectively. A faint interference
pattern starts to become visible after 1000 frame
accumulations. This clearly demonstrates that{our
system operates effectively at the single-photon level.
The measurements in Fig.[6] (f) and (g) were taken after
accumulating 10,000 frames. The results, presented in
Fig. @ demonstrate a fidelity of 97% for amplitude and
88% for phase, indicating an excellent match between
theoretical predictions and experimental data. This
high degree of agreement highlights the, robustness
and accuracy of our method, even ainder lew-light
conditions.

A S

5. Conclusion

In this article, we introdueedtand experimentally vali-
dated an interferometric method based on wavefront
inversion and shearing tesmeasure the full complex
cross-spectral density function of spatially stationary
and non-stationary partially coherent optical fields.
The method directlyretrieves the amplitude and phase
profiles in eight interferogram images without requiring
intensive reconstruction algorithms, significantly out-
performing existing approaches [25,[26L31}/33].

The integration of wavefront inversion interferom-
etry with the phase-shifting technique enables the im-
plementation of, the/difference intensity protocol, sig-
nificantly enhancing measurement accuracy, with ro-
bustness extending to the single-photon level. This ca-
pability makesdt a powerful tool for characterizing the
complex cross-spectral density function of single pho-
tons generated through spontaneous parametric down-
conversion (SPDC) process. As the cross-spectral den-

8

sity function corresponds to the densitynmatrix ele-
ments in the quantum picture, its measurement can in-
fer the spatial purity, an essential parameter. for quan-
tum information protocols [39H41].

This method is poised to hawe applications in
a wide range of fields that“require accurate’ spatial
coherence characterization, including astronomical
imaging to overcome the (effects of atmospheric
turbulence [42], microscopy for high “depth-of-field
imaging [43]44], non-linesofssightyimaging to obtain
information about the fobject’s distance [9], optical
encryption [10] and ‘optical communication [45].
By providing precise measurements of the spatial
coherence function, our t\echnique is expected to
significantly improve performance in each of these
applications. Additionally; the method’s adaptability
to both high and low-light conditions further enhances
its utility, making it/ a versatile solution for next-
generation optical systems.
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Appendix A. Cross-spectral density of
employed light sources

Appendiz A.1. Source 1

The subsequent analysis is adapted from section 5.7
of Ref. [8]. For Source I we use just a LED which
can reasonably be modelled as an extended collection
of independent radiators. So it can be considered
as a spatially incoherent source. The Van Cittert-
Zernike theorem answers how exactly the cross-spectral
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16 Figure Al. Geometry for derivation of Van Cittert-Zernike
17 theorem.

19 density propagates away from the source. For a quasi-
20 monochromatic light, the spatial cross-spectral density
function propagates according to the law,

;z W(Q1,Q2) = /// g W (Py, Py)exp [—LQ;\T(W - 7”1)}

26 X0 XO2) 16 s, Ay
27 )\7’1 )\TQ
28 where W(Q1,Q2) and W (P, P») are the cross-spectral
29 densities at the source and detection plane respectively.
30 x(0) is the obliquity factor where 6 is the angle between
31 the line joining @1 and P; and the normal to the
32 surface X at P;.
gi For a spatially incoherent source, we have
gg W(Py, Py) = kI(P1)0(|P1 + P|) (A2)
37 Substituting this in Eq. gives, N
38
ig W(Q1,Q2) % //z I(Py)exp [—L27T(r2/\ rl)]
41

1 T2
43
44 where the geometry of the setting is illustrated in
45 Fig. To simplify our expression, we employ the
46 following assumptionsfand @pproximations:
47 1. Far-Field ‘Approximation - The dimensions of
48 both the sotirce and detection area are significantly
49 smaller than the separation distance z between them.
>0 1 1
51 — =~ (A4)
52 172 z
53
54 2. Small"angle approximation,
55
56 x(61) = x(62) ~ 1 (A5)
57
58
59
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Following this, the cross-spectral demnsity in the
detection region takes the form

W(Q1,Q2) = // P16Xp{ %()\ )]dS

(A6)

In our further analysis, we make the,assumption that
the source and detection planes are parallel to each
other, separated by a distance z. Additionally, we also
employ the paraxial approximation. So,

(w1 — 1) + (1 —91)?
2z
Lo — ! 2+ a2
7‘2:\/22—0—(032—16'2)2+(yz>—y§7'*z gy le2 = o) 2Z(y2 ba)
(A7)

T1:\/22+(w1—w’1)2+(y1—y1 B

Finally, we introduee the.définitions Ax = x5 —x; and
Ay = yo — 1y, alongsidéthe convention that I(z’,y’) is
zero for pointsi(z’, y') loutside the finite source region
Y. This‘leads us te'the final expression of the Van
Cittert-Zernike theorem:

ne“/’
W($1,y1,$27y2 //

exp |:L>\(AII + Ayy’ )] dx'dy’  (A8)
where the phase factor v is given by
™
v =@+ ) — (@1 +y1)] (A9)

From Eq.(A8) and (A9) it is clear that the cross-
spectral density of LED source is of the form

W (z1, 91522, y2) = Wi(wa—x1, y2— 11 )Wa (2 —2%, y5 —
2
yl)'

Appendiz A.2. Source II, III & [V

The discussion that follows is sourced from Ref. [36].
For Sources II and III, a monochromatic, planar,

k=(q,k,)

o f 2=0
Source

Figure A2. Schematic illustration of generation of propagation-
invariant spatially-stationary field using a spatially completely-
uncorrelated primary source.
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spatially completely incoherent primary source is
positioned at the back focal plane, z = —f, of
a lens located at z = 0. Our spatially partially
coherent field source consists of this composite system
of the planar primary source and the lens. The field
emanating from a spatial location p’ at a distance z
is denoted as Vi(p',z). Given the complete spatial
incoherence of our primary source, the fields Vi (p}, — f)
and V(ph, —f) emerging from p)} and p) at z = —f,
respectively, are entirely uncorrelated. This lack of
correlation is expressed as,

(VI = )Va(py, = f))e = Is(Ph, = F)S(P} — Pb).
(A10)

Here I;(p}, —f) is the intensity of the primary source
at z = —f. In our experiments, we use LEDs as
our primary incoherent sources. Here, I;(p},—f)
denotes the intensity of the primary source at z =
—f. LED serve as our primary incoherent source as
their positional correlations are modelled by the form
outlined in Eq. [46,47].

For our primary source characterized by Eq. 7
each point on the source behaves as an independent
point source. As each of these points is positioned
at the back focal plane of a converging lens, the field
Vi(p}, —f) originating from p} undergoes transforma~
tion into a plane wave with amplitude a(g@)s where
q1 denotes the transverse wave-vector associated with
the plane wave [4849]. The lens effectively converts
the non-correlation of the planar souree in the posi-
tion basis into non-correlation in the transverse wave-
vector basis. The correlations between distinet, trans-
verse wave-vectors are quantified through the angular
correlation function A(q1, gz2), deﬁnedwis A(giyq2) =
(a*(q1)a(gz2))e, where (---), dendtes the ensemble av-
erage. The angular correlation function for such a par-
tially coherent source corresponds to. theangular cor-
relation function A(q1, g2)at the exit face of the lens,
i.e., at z = 0, and is expressed as,

Ag1,q2) = (a"(qp)a(qz2))e = 1s(q1)d(q1 — q2).
(A11)

Here, I,(q1) represents the spectral density of the
field, exhibiting the:same functional form as the source
intensity. A8 demonstrated below, this specific form
of the angular corrélation function is a prerequisite
for the spatially-stationary and propagation-invariant
charagteristics of the partially-coherent field emerging
from a source.

We proceed to derive the cross-spectral density
function at z = z generated by such a source. As
detailed.in Section 5.6 of Ref. |14], assuming the plane-
waye amplitude at z = 0 is a(qq), the field V(pq, 2) at
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z = z within the paraxial approximation'is/given by,

2
. o ) 1%
V(pi,2) = e*o* // a(qy)e'?Pre 2k dgy. (A12)

Here, r1 = (p1,2), k1 = (q1,k1.)spand k., =~
ki — ¢7/(2k1) with ¢ = |qiftand ki = k| =
ko = wo/c, where wy is the frequenicy of the field.
So the cross-spectral densityfunction W(p1, p2,2) =
(V*(p1,2)V(p2, 2))e at z =218

W (p1, pa, 2) :// A(qr,q5)
- (41—a3)z

Xe—iQ1~P1+iqz~P2671 2ko

dqidqs.
(A13)

Equation dictates the evolution of spatial
correlations, in" the field, as denoted by the cross-
spectral density. function, during propagation in the
regiom, z > 0 after passing through the lens.
Substituting the expression for the angular correlation

function from.Eq. (A11) into Eq. (A13)), we acquire,

oo

I(q)e™ "4 dg,

(A14)

Wil , 00, 2) = W(Ap, 2) :/

— 00

where Ap = p1 — p2. We see that the cross-spectral
density function W(Ap,z) in Eq. follows
coherent mode representation, where the coherent
modes correspond to plane waves. The generated field
exhibits the following characteristics: (1) Propagation
invariance—The cross-spectral density function and
intensity remain constant regardless of changes in
z.  (2) Spatial stationarity at a given z, at least
in a broad sense—This is evident from the fact
that the intensity I(p,z) does not depend on p,
while the cross-spectral density function depends only
on Ap. (3) The cross-spectral density function
W(Ap,z) of the field is the Fourier transform of
its spectral density Is(q). Furthermore, as the
spectral density mirrors the intensity pattern of the
primary source, the cross-spectral density function
of the field seamlessly transforms into the Fourier
representation of the primary source’s intensity profile.
It’s noteworthy that this methodology liberates the
intensity function I5(g1) of the primary incoherent
source from constraints — whether continuous, of finite
dimensions, or structured as an ensemble of discrete
points.
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Appendix B. Error analysis for geometric
phase

From Eq. (3) in the main text we see that the difference
in the intensities of the two interferograms is,

AIout(xa y) = Igﬁt(gjv y) - Igﬁt('xa y)
= 2k1 ko {Re[W (—z+x0, y; 240, —y)](cos(d.) —cos(da))

—Im[W(—z 4+ 20, y; x + 2o, —y)](sin(d.) — sin(dq)) }.
(A15)

The geometric phase setup, depicted in arm 1 of
Figure 1(d) in the main text, involves two quarter-
waveplates (QWP1) oriented at 45° with respect to
the polarization of light, with a half-waveplate (HWP)
placed in between. Rotating the HWP by an angle
¢ with respect to the polarization direction of the
incoming linearly polarized light introduces a relative
phase difference of 2¢ between the two arms, denoted
as 0§ = 2¢. We obtain measurements at different §
values by rotating the HWP. The precision of rotation
relies on the accuracy of the HWP rotation. In our
setup, the HWP was affixed to an automated rotation
stage, ensuring uniform error across all measurements.
Let € be the error in setting the phase difference
between the two arms, . 4. Then,

Al (x,y) = 2k1 ko [Wr{cosd.cosf — sind,.sinf
— cosdgcost) + sindgsinb'}
— Wim{sind.cosf + cosd.sinf — sindgcosf

— cosdgsinf}]. (A16)

where Wi = Re[W (—z 40, y; 2 +20,~y)] and Wi, =
Im[W (=2 + zo, y; * + 2o, —y)]. From here onwards we
adopt this renaming for brevity. N

Putting 6. = 0 and §; = 7 we gets

Algue(z,y)|1 = 4k1ka{(cos@)Wr = (sind) Wiy, }. (A17)
Putting 0. = 37/2 and 04.=.7 /2 we get,
Al (2, y)|2 = 4kt ko {(sinf) Wr 4 (cosf) Wiy, +. (A18)
Squaring and adding Egs. (Al7) and (A18) we get,
AL (@, y)h + ALz, y)ls = @kik2)*(WE + Wi,)
= 16Kk W2
(A19)

where [Wis theamplitude of the cross-spectral density
function. So we'can write,

— \/Algut(xvy)h + Algut(xvy)b
4k ko

W (A20)

Wessee that amplitude of the cross-spectral density
function is unaffected by the error in 4.
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From Eqgs. (A17) and (A18]) we see that the phase

profile of the cross-spectral function is given by,

arg[W] = tan™" {
sl Aour(P))1
(A21

Therefore the error in the phaséiprofile of the cross-
spectral density function is,

Wim + (tan) Wr —1 [ Wim
——————— [ —tan
Wr'= (tan@)Wim Wr
(A22)
We find that an error of € in the geometric phase
has no effect on thé reconstructed amplitude of the
cross-spectral density funietion while the error in the
reconstructed phase inereases only linearly with 6.
Another waywto nterpret the linear phase
deviation described ‘innEq. (A22) is to view it as
a constant global phase offset. As seen from Egs.

(A17)) and (A18), the measured cross-spectral density

function takes the form,

Error(arg[W]) = tan™" [

6
Wmeasured = Wincmninge (A23)

where 0 is a s?)atially constant phase shift that arises if
the HWP jis not initially aligned with the polarization
of theinput light. This global phase offset corresponds
precisely to the linear phase deviation introduced in
Eq. » (A22). Since it is uniform across space, it
does not affect spatial coherence structure and can be
eliminated by proper alignment.

Appendix C. Space-time correlation

Section II detailed the space-frequency correlation,
which is used to measure the spatial coherence
of a monochromatic field. In this section, we
demonstrate how our proposed technique extends to
the measurement of space-time correlation, thereby
broadening the spatial coherence analysis to broadband
fields.

The field from the source enters the interferometer
and reaches the camera after travelling for times ¢; and
to through the two arms of the interferometer. The
electric field at V(x,y;t) at the camera plane at time t
is given by

V(z,y;t) = kiV(xy,y13t — t1) + kV (22, y25t — t2)

=1€1/ E(z1,y1;w)e M dw

— 00

+/€2/ E(xy,yp;w)e” @12 dyw  (A24)

where V(z1,y1;t — t1) and V(zo,ye;t — ta) are the
electric field vibrations at the source points (x1,y1)
and (zo,y2) at time ¢t — t; and t — to respectively.
We consider the optical field to be temporally

Aluw(p)l2] _ T (tanf) Wr
WR — (tanG)WIm
)
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stationary, meaning that its frequency components are
uncorrelated,

(E™(z1,y1;w1) E(22, y2;w2))e = W(x1,y1; T2, Y25 w1)

6(&)1 — CUQ) (A25)

where W (z1,y1; %2, y2;w) is the cross-spectral density
function. The intensity at the detector can now be
written as,

out(z,y5t) = |k1[*Ii(w1,y15 8 — t1) + [ko| Lo (2, yo; t — t2)
+ 2k1koRe[[(z1, y1; 22, y2; T)] cos 0

— 2k1k2Im([C (21, y1; 22, y2; 7)) sind, (A26)

where 7 = t2 7t1, 0= 52 7617

Li(xg,yit — t) = ffooo | EBin (24, y5; w)[2e~ ) dw for
1 = 1,2 are the intensities from the two arms and
U(z1,y1;22,92;7) = [0 W(w1,y15 22, y2; w)e™ 7 dw
is the cross-correlation function which is the Fourier
transform of the cross-spectral density function.

For a temporally stationary field, the cross-
correlation function depends only on the time
difference 7, which corresponds to the path difference,
Az, between the two arms. Therefore, for a broadband
field, the temporal correlations also come into the
picture. The spatial coherence of a broadband field
is obtained when 7 = 0 (ie., Az = 0), which
can be achieved by adjusting the translation stage
in arm 2 of the interferometer. As deseribed in
Section II, we control the phase between the arms of
the interferometer using waveplates, and the real and
imaginary parts of the cross-correlation function are
measured via the intensity difference method. So, our
method, in principle, can be used fordfmeasuring the
spatial coherence of broadband fields!

In practice, translation stages have finite precision,
introducing errors in the measurément. The temporal
coherence length is inversely | proportional to the
field’s spectral width, meaning a larger spectral width
requires greater measurementyprecision. The absolute
error depends upon the functional form of the cross-
correlation function. Infour setup, we use a translation
stage with Az = 0.5um, yielding 7 = 1.67 x
10715 5. For a multi-wavelength regime where the
field is quasi-monochromatic around multiple central
wavelengths, precise Spatial cohérence measurements
can be achieved,using a coloured CCD camera, even
with a finité-precision translation stage. In this case,
each frequency component would experience a different
phase difference between the two interferometric arms
becauge of the term wr in the phase factor § in Eq. [2]
of the manuscript. To accurately measure the real and
imaginary, components of the cross-spectral density
function for each wavelength, the orientation of the
half-waveplate (inducing the geometric phase) would
need to be adjusted individually for each wavelength.
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Appendix D. Noise measurement

To quantitatively validate the noise-insensitive natutre
of our protocol, we conducted a background noise
analysis by recording intensity maps with the light
source turned off. Measutéments were performed
at four phase shifts (§ = O,m,7/2,37/2), each
averaged over 100 frames, to isolate phase-insensitive
background noise from any signal contributions.

The intensity values_before subtraction were as
follows: at § = 0, the mean was 526.6747, the standard
deviation was 9.0512, and the maximum value was
547.3400; at § = 4r, thenmean was 526.4349, the
standard deviation was<9.0498, and the maximum
value was 546.5900;7at 6 /= =/2, the mean was
526.3869, the standard deviation was 9.0547, and the
maximum value was 547.0800; and at § = 37/2, the
mean was 525.:9892, the standard deviation was 9.0399,
and the maximumyvalue was 545.9700.

After applying the difference-intensity protocol,
the residual maps showed significant suppression of
thesbackground signal. For the real part (from the
difference betayeen 6 = 0 and 7), the mean was 2.7730,
the standard deviation was 2.0961, and the maximum
value was(17.4100. For the imaginary part (from the
differenee between 6 = 7/2 and 37/2), the mean was
2.7893, the standard deviation was 2.1077, and the
maximum value was 20.6200.

These results demonstrate that the protocol
effectively cancels phase-insensitive background noise,
reducing both the average background level and its
fluctuations under realistic experimental conditions.
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